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Abstract: 
Linear stability analysis of steady two-dimensional boundary layer stagnation point flow of nanofluids is 
investigated. The basic flow has been obtained by solving the governing equations of continuity, momentum 
and energy using similarity analysis which are solved numerically using the fourth-order Runge-Kutta 
method with shooting technique. The stability of the basic flow is then investigated in the usual fashion by 
making use of the normal mode decomposition. The resulting eigenvalue problem is solved numerically by 
means of a pseudo spectral collocation method based upon Laguerre’s functions. The effects of the solid 
volume fraction of nanoparticles on the stability of the basic flow with different types of nanoparticles, 
namely copper (Cu), silver (Ag) and alumina (Al2O3) with water as the base fluid are analyzed and discussed. 
It is found through the calculation of neutral stability curves that solid volume fraction  of nanoparticles 
acts to increase the stability of the basic flow and the stabilization effect of silver (Ag) is higher compared 
with copper and alumina nanoparticles. 
Résumé: 
L’analyse de la stabilité linéaire d'un écoulement stationnaire de couche limite  bidimensionnel au point de 
stagnation d’un nanofluide est étudiée. L’écoulement de base a été obtenu en résolvant les équations de 
continuité, de quantité de mouvement et d’énergie en utilisant une analyse de similarité, qui sont résolues 
numériquement en utilisant la méthode de Runge-Kutta d’ordre quatre  avec la technique de tir. La stabilité 
de l'écoulement de base est alors étudiée en se servant de la décomposition en modes normaux. Le problème 
aux valeurs propres résultant est résolu numériquement par la méthode pseudo-spectrale de Laguerre. Les 
effets de la fraction volumique solide  des nanoparticules sur la stabilité de l'écoulement de base avec 
différents types de nanoparticules, à savoir le cuivre (Cu), l'argent (Ag) et d'alumine (Al2O3) avec de l'eau 
comme fluide de base sont analysés et discutés. Il est trouvé par le calcul des courbes de stabilité neutre que 
la fraction volumique solide des nanoparticules  agit pour augmenter la stabilité de l'écoulement de base et 
l'effet de stabilisation de l'argent (Ag) est plus élevé par rapport aux nanoparticules de cuivre et d'alumine. 
Keywords: Thermal instability, nanofluid, Stagnation point, Laguerre’s polynomials  
1 Introduction 
Nanofluids are created by dispersing nanometer-sized particles in a base fluid such as water, ethylene glycol 
or propylene glycol. The use of high thermal conductivity metallic nanoparticles increases the mixture 
thermal conductivity, thus enhancing their overall energy transport capability [1]. The nanofluid term which 
refers to a mixture of solid nanoparticles and the base fluid has been introduced by Choi [2] to describe this 
new class of fluid. Nanofluids have attracted attention as a new generation of heat transfer fluids because of 
their excellent thermal performance and have various benefits in several applications such as heat transfer 
improvement, system size reduction, minimal clogging, micro channel cooling and miniaturization of 
systems [2]. This fact has attracted many researchers Abu-Nada [3], Tiwari and Das [4], Oztop and Abu-
Nada [5], to investigate the heat transfer characteristics in nanofluids. The mentioned studies revealed that 
the presence of the nanoparticles in the fluids increases appreciably the effective thermal conductivity of the 
fluid and consequently enhances the heat transfer characteristics.  
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The first studies [6,7,8] of the stability of Hiemenz flow, reveal that it is always stable to three dimensional 
self-similar disturbances. Lyell and Huerre [9] examined the planar stagnation flow problem by using 
Galerkin expansion method and discussed the linear and non linear stability.  Hall et al. [10] extended the 
work of Wilson and Gladwell [8] to include the effects of crossflow in the freestream and suction or blowing 
at the wall. Brattkus and Davis [11] considered a wider class of disturbances for the stability of the 
incompressible Hiemenz flow and concluded that these modes were more stable compared to the self-similar 
disturbances. When buoyancy alone is taken into account, computations of Chen et al. [12] revealed that 
thermal excitation generates instabilities when the Rayleigh number exceeds some critical value. Amaouche 
et al. [13] studied the effect of a constant magnetic field on the thermal instability of a two dimensional 
stagnation point flow they found that magnetic field act to increases its stability. 
The present paper will focus on the stability of steady two-dimensional stagnation point flow of nanofluids 
within the Görtler-Hammerlin framework. The equations of linear stability theory create an eigenvalue 
problem which is solved numerically by means of a pseudo spectral collocation method. The presence of 
nanoparticles changes the physical properties of the fluid and consequently enhances the stability of the 
outflow.  The effects of the solid volume fraction  of nanoparticles on the stability of the basic flow with 
different types of nanoparticles, namely copper (Cu), silver (Ag) and alumina (Al2O3) with water as the base 
fluid are analyzed and discussed.  
2 Analysis 
2.1 Governing equations  
We consider a steady laminar two-dimensional flow impinging normally on a static horizontal flat plate. The 
fluid is a water based nanofluid containing different type of spherical nanoparticles. The flat plate is in the 
(x, z) plane and the basic flow is two-dimensional in the (x, y) plane, the x axis being the streamwise 
direction along the plate, and the z axis the spanwise direction. The stagnation streamline coincides with the 
y axis. The external velocity is prescribed as ve(ue=a x, ve=-a y, we=0); where a is constant (a ≥0). The 
flat plate is maintained at a fixed temperature Tw  higher than the ambient nanofluid temperature T . The 
thermophysical properties of the nanofluids, considered in this study, given in Table 1, are assumed constant 
except for the density variation, which is determined based on the Boussinesq approximation. Also, it is 
assumed that the base fluid and the nanoparticles are in thermal equilibrium and no slip occurs between them.  
Table 1. Thermo-physical properties of the base fluid and the nanoparticles 
  (kg/m3) Cp (J/kg K)  (W/m K)  (1/K) 
Pure water 997.1 4179 0.613 21 
Copper (Cu) 8933 385 401 1.67 
Silver (Ag) 10500 235 429 1.89 
Alumina (Al2O3) 3970 765 40 0.85 
Under these assumptions and using the nanofluid model proposed by Tiwari and Das [4], the equations of 
continuity, momentum and energy for a nanofluid are cast in their dimensional form in terms of the 
temperature T and velocity v as follow: 
 0 v  (1) 
       


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vvvv  (2) 
   TT
t
T 2
nf 
 
 v  (3) 
With boundary conditions: 
             T,xT,y,x,x,T0,xT,00,x ew vvv  (4) 
In the above equations v is the velocity of the fluid, t the time, p the pressure, g the gravitational 
acceleration and T the temperature. The subscripts w and ∞ stand respectively for the wall and free stream 
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conditions, asterisks indicate dimensional quantities.nf ,nf ,nf and nf are the density, dynamic viscosity, 
thermal expansion coefficient, and thermal diffusivity of the nanofluid, respectively, which are given as: 
  npfnf 1                                  nfpnfnf C   
      npfnf 1                     nppfpnfp CC1C    
Here,  is the solid volume fraction, (Cp)nf  and nf  are the heat capacity and thermal conductivity of the 
nanofluid, respectively. For spherical nanoparticles, the dynamic viscosity and thermal conductivity of the 
nanofluid are approximated using Brinkman [14] and Maxwell–Garnett [15] models, respectively, by: 
  5.2
f
nf 1 



      
   
   npffnp
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

  
The subscripts (f), (nf) and (np) stand for base fluid, nanofluid and nanoparticle, respectively.  
2.2 Solution of the basic flow 
By using stream function formalism to resolve the basic steady and two-dimensional flow, Eqs (1)–(3) can 
be rewritten, after eliminating the pressure, as follow: 
       0Grbb x2221y2xx2x    (5) 
   0Prb xyyx32    (6) 
The boundary conditions become:  
           0,x,x,x,10,x,00,x,00,x yxy    (7) 
Here: 
    fnp5.21 111b     
      fnpfnp2 11b    
      fnffpnpp3 CC1b    
The above equations are, for convenience, expressed in terms of dimensionless variables. Distances and time 
are scaled using the factors ℓ = (f/a) 1/2 and a-1, respectively [13]. The stream function ψ is referred tof  , the 
scaled temperature is defined by (x,y)=(T-T)/(Tw-T). The parameters in the problem are dimensionless 
numbers of Prandtl Pr =f /f  and Grashof Gr = gf(Tw-T)ℓ3/f 2.  
After introducing the similarity transformation: 
        yy,x,yxfy,x    (8) 
the equations of (5) and (6) can be written over in terms of f (y) and  (y) : 
 0f1fffb 21   (9) 
 0fPrb3    (10) 
where the prime denotes a partial differentiation with respect to y. The transformed boundary conditions are 
given by 
           0,1f,10,00f,00f    (11) 
The nonlinear differential equations (9) and (10) along with the boundary conditions (11) are solved 
numerically using the fourth-order Runge-Kutta method with shooting technique. 
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2.3 Linear stability analysis 
In order to study the linear stability of the above basic flow we consider infinitesimally small disturbances 
propagating along the boundary layer, so that the instantaneous quantities p,w,v,u  and   can be 
expressed as: 
         t,z,y,x~,p~,w~,v~,u~y,x,p,0,v,ut,z,y,x,p,w,v,u    (12) 
where  ,p,0,v,u  and  ~,p~,w~,v~,u~  represent basic-state and disturbance-state quantities, respectively. 
Substituting the above expression into the governing equations of continuity, momentum and energy, 
subtracting the basic state, and linearizing with respect to the small perturbations gives a set of linearized 
perturbation equations: 
 0w~v~u~ zyx   (13) 
   0u~u~u~bp~v~uu~uu~vu~uu~ zzyyxx1xyxyxt   (14) 
   0~Grbv~v~v~bp~v~vu~vv~vv~uv~ 2zzyyxx1yyxyxt    (15) 
   0w~w~w~bp~w~vw~uw~ zzyyxx1zyxt   (16) 
    0~~~Prb1v~u~~v~u~ zzyyxx3yxyxt    (17) 
Hence, the problem consists of a set of coupled five-dimensional partial-differential equations with variable 
coefficients. These coefficients, which depend on the basic flow, change strongly in the normal (y) direction 
and linearly in the chordwise (x) direction, but not in the spanwise (z) direction. As a consequence, the 
solution is separable in the variables z and t, and retaining the self similarity for the perturbation amplitude, 
the disturbance quantities of a general travelling mode can be expressed in the form 
        tikzexpyˆ,pˆ,wˆ,vˆ,uˆxt,z,y,x~,p~,w~,v~,u~    (18) 
Where k denotes the spanwise wavenumber and ω the temporal growth rate and ˆ,ˆ,ˆ,ˆ,ˆ pwvux  are complex 
amplitude functions of three-dimensional small disturbances. Consequently, the stability results are limited 
to the special class of self similar disturbances considered above. Substituting the decomposition (18) into 
the equations (13)–(17), one obtains 
 0wˆikvˆDuˆ   (19) 
   uˆvˆfuˆkbf2fDDb 2121   (20) 
   vˆˆGrbpˆDvˆkbffDDb 22121    (21) 
   wˆpˆikwˆkbfDDb 2121   (22) 
    ˆPrbˆkfDPrbDvˆPrb 32323   (23) 
Here Dn≡dn/dyn. As boundary conditions, zero perturbation is imposed on wvu ˆ,ˆ,ˆ  and zero derivative for the 
normal perturbation velocity, when temperature and pressure perturbations are assumed to vanish at the wall   
0vˆDˆpˆwˆvˆuˆ    as y = 0                              
In the far-field, condition of vanishing perturbations at a sufficiently distance from the wall may be imposed 
0ˆpˆwˆvˆuˆ    as y  
This system is to be solved numerically in order to determine the eigenvalue  along with the corresponding 
eigenfunctions pˆ,wˆ,vˆ,uˆ  and ˆ as functions of the spanwise wave number k for the three parameters 
characterizing the overall fluid system and the base state, Gr, Pr and  .  
At marginality, corresponding to ω=0, only for some characteristic values of Gr will the problem allow a non 
trivial solution for given k, Pr and . In order to approximate the solution of the differential eigenvalue 
system to be solved and incorporate its exponential damping at infinity, we shall use a pseudo spectral 
method based on expansion by Laguerre’s functions. So, truncating the expansion after a finite number N of 
terms, an approximation FN of a function F is thought in the form N (y) exp (-y) with N being a polynomial 
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of degree at most N and forced to fulfill the linear system at collocation nodes which are selected to be the 
zeroes of LN(y), see Amaouche et al [13]. 
3 Results and discussion 
The stability characteristics of the flow are calculated by inverting the generalized algebraic eigenvalue 
problem using a pseudo spectral method based on expansion by Laguerre’s functions. In order to achieve a 
satisfactory convergence, checks on the influence of the truncation level N were performed in terms of its 
effects on the basic flow and on the location of the critical conditions for the onset of instability. This 
showed that the accuracy of the numerical scheme can be improved by increasing the number of collocation 
nodes. We consider three different types of nanoparticles, namely copper (Cu), silver (Ag) and alumina 
(Al2O3) with water as the base fluid. The Prandtl number of the base fluid (water) is kept constant at 6.8. It is 
worth mentioning that the present study reduces to those of viscous or regular fluid when  = 0. The results 
we obtained are first given in Figure 1 showing the wavenumber of the least stable mode versus the Grashof 
number for: (a) different solid volume fraction  with Ag–water nanofluid, (b) different nanofluid particles 
when  = 0.1. The unstable region lies above the curve while the stable region lies below it. It is observed 
that the onset conditions of thermal instability are significantly affected by the presence of nanoparticles. 
Globally one can observe that nanoparticles acts to reduce instability when compared to the case without 
nanoparticles. We can see that the instability region in the (k,Gr) plane is always contained in that 
corresponding to a smaller value of solid volume fraction , and it can be seen that the stability of the basic 
flow increase with increasing the volume fraction of nanoparticles 
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FIG. 2 – Critical Grashof number Grc (a) and Critical wavenumber kc (b) versus the solid volume fraction  
for different nanofluid particles 
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FIG. 1 – Neutral stability curves for: (a) different solid volume fraction, (b) different nanofluid particles 
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This observation is confirmed in a global picture provided by Figure 2 which shows: (a) the critical Grashof 
number (Grc) and (b) the critical wavenumber (kc) as function of solid volume fraction  for different 
nanofluid particles. It is noticed that the critical wavenumber kc decreases with increasing of the volume 
fraction   for different nanoparticles. Most importantly, the results indicate that the stabilization effect of 
silver (Ag) is higher compared to copper (Cu) and alumina (Al2O3). This behavior results from the fact that: 
i) the increasing the viscous forces of nanofluids with the volume fraction of nanoparticles leads to oppose to 
the thermal buoyancy forces which are the source of instability. ii) the presence of nanoparticles in a fluid 
augments the effective thermal conductivity and hence reduces the convective mode of heat transfer and then 
increases the thermal stability. 
4 Conclusion  
In this paper we investigated the stability of steady two-dimensional stagnation point flow of nanofluids 
within the Görtler-Hammerlin framework. The equations of linear stability theory create an eigenvalue 
problem which is solved numerically by means of a pseudo spectral collocation method. The effects of the 
solid volume fraction  of nanoparticles on the stability of the basic flow with different types of 
nanoparticles, namely copper (Cu), silver (Ag) and alumina (Al2O3) with water as the base fluid are analyzed 
and discussed. It is found through the calculation of neutral stability curves that solid volume fraction  of 
nanoparticles acts to increase the stability of the basic flow. It is also observed that stabilization effect of 
silver (Ag) is higher compared with copper and alumina nanoparticles. 
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